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ON THE INTEGRABILITY OF ORTHOGONAL DISTRIBUTIONS
IN POISSON MANIFOLDS
DANIEL FISH AND SERGE PRESTON
Abstract. In this article1 we study conditions for the integrability of the dis-
tribution defined on a regular Poisson manifold as the orthogonal complement
(with respect to a pseudo-Riemannian metric) to the tangent spaces of the
leaves of a symplectic foliation. Examples of integrability and non-integrability
of this distribution are provided.
1. Introduction
Let (Mn, P ) be a regular Poisson manifold. Denote by S = {Sm|m ∈ M} the
symplectic foliation of M by symplectic leaves (of constant dimension 2 ≤ k < n in
the regular case). Denote by T (S) the sub-bundle of T (M) of tangent spaces to the
symplectic leaves (the association x → Tx(S) is an integrable distribution on M
which we will also denote by T (S)). Let M be endowed with a pseudo-Riemannian
metric g such that the restriction of g to each symplectic leaf is non-degenerate By
continuity, the signature of the restriction of g to Tm(S) is the same for all m ∈M .
Let Nm = S⊥m be the subspace of Tm(M) that is g-orthogonal to Sm. The asso-
ciation m → Nm defines a distribution N which is transversal and complemental
to the distribution T (S). The restriction of the metric g to N is non-degenerate
and has constant signature. In general, the distribution N is not integrable.
If the metric g is Riemannian, and if the Poisson tensor is parallel with respect to
the Levi-Civita connection ∇ = ∇g defined by g, ie: ∇P = 0, then it is a classical
result of A. Lichnerowicz (see Vaisman 1994, Remark 3.11) that the distribution
N is integrable, and the restriction of the metric g to the symplectic leaves de-
fines, together with the symplectic structure ωS = P |
−1
S , a Ka¨hler structure on
symplectic leaves.
Integrability of the distribution N depends strongly on the foliation S and its
“transversal topology” (see Molino 1988, Reinhart 1983, Ch.4 for the Riemannian
case). Thus, in general it is more a question of the theory of bundles with Ehres-
mann connections rather than that of Poisson geometry. Yet in some instances, it
is useful to have integrability conditions in terms of the Poisson structure P , and
to relate integrability of the distribution N with other structures of the Poisson
manifold - Casimir functions, Poisson vector fields, etc.
Our interest in this question was influenced by our study of the representation of
a dynamical system in metriplectic form, i.e. as a sum of a Hamiltonian vector field
(with respect to a Poisson structure, (see Bloch et al 1996, Morrison 1986, Grmela
1990, Fish 2005) and a gradient one (with respect to a metric g). Integrability of
the distribution N guarantees that in the geometrical (local) splitting of the space
M as a product of a symplectic leaf and a transversal submanifold with Casimir
functions ci as local coordinates (see Weinstein 1983), the transversal submanifold
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can be chosen to be invariant under the gradient flow (with respect to the metric
g) of the functions ci.
As a result one can separate observables of the system into Casimirs under-
going pure gradient (dissipative) evolution from those (along symplectic leaves)
which undergo the mix of Hamiltonian and gradient evolutions. Such a separation
leads to an essential simplification of the description of the transversal dynamics in
metriplectic systems.
The structure of this article is as follows. In Section 2 we introduce necessary
notions and notations. In Section 3 we obtain necessary and sufficient conditions
on the metric g and the tensor P for the distribution N to be integrable. We derive
these conditions in terms of covariant derivatives of the Poisson Tensor, in terms of
covariant derivatives of Casimir covectors, and as conditions on the nullity of the
Nijenhuis Torsion of the (1,1)-tensorAµν = P
µκgκν . As a corollary we prove that the
distribution N is integrable if parallel translation (via the Levi-Civita connection
of the metric g) in the direction of N preserves the symplectic distribution T (S).
In Section 4 we present integrability conditions in Darboux-Weinstein coordi-
nates: the distribution N is integrable if and only if the following symmetry con-
ditions are fulfilled for Γ
ΓJIs = ΓJIs,
where Γαβγ = gασΓ
σ
βγ , and where capital Latin letters I, J indicate the transversal
coordinates ,while small Latin letters indicate coordinates along symplectic leaves.
In Section 5 we describe some examples of non-integrability, describe a model
example of a 4d Poisson manifold with Poisson structure of rank 2, where the distri-
butionN is not integrable, and discuss nonintegrability in the case of a topologically
nontrivial symplectic fibration.
In Section 6 we prove integrability of N for linear Poisson structures on dual
spaces g∗ of real semi-simple Lie algebras g, with the metric g induced by the Killing
form, as well as for the dual se(3)∗ to the Lie algebra se(3) of Euclidian motions
with the simplest non-degenerate ad∗-invariant metric(s) (see Zefran et al. 1996).
2. Orthogonal distribution of Poisson manifold with a
pseudo-Riemannian metric
Let (Mn, P ) be a regular Poisson manifold. We will be use local coordinates
xα in the domains U ⊂M with the corresponding local frame { ∂∂xα } and the dual
coframe dxα. Let g be a pseudo-Riemannian metric on M as above, and let Γ
denote the Levi-Civita connection associated with g. The tensor P τσ(x) defines a
mapping
0→ C(M)→ T ∗(M)
P
→ T (S)→ 0
where C(M) ⊂ T ∗(M) is the kernel of P and T (S) is (as defined above) the
tangent distribution of the symplectic foliation {Sk}. The space C(M) is a sub-
bundle of the cotangent bundle T ∗M consisting of Casimir covectors. Locally,
C(M) is generated by differentials of functionally independent Casimir functions
ci(x), i = 1, . . . , n−k satisfying the condition P τσdciσ = 0 (in this paper we assume
the condition of summation by repeated indices).
We denote byN the distribution defined as the g-orthogonal complement
T (S)⊥ to T (S) in T (M). Then we have, at every point x a decomposition into a
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direct sum of distributions (sub-bundles)
TxM = Tx(S)⊕Nx.
The assignment x → Nx defines a transverse connection for the foliation
S, or, more exactly, for the bundle (M,π,M/S) over the space of leaves M/S,
whenever one is defined (see below). We are interested in finding necessary and
sufficient conditions on P and g under which the distribution N is integrable. By
the Frobenius theorem, integrability of N is equivalent to the involutivity of the
distribution N with respect to the Lie bracket of N -valued vector fields (sections
of the sub-bundle N ⊂ T (M)).
Let ωi = ωiµdx
µ (i ≤ d = n-k) be a local basis for C(M). For any α in T ∗(M),
let α♯ denote the image of α under the bundle isomorphism ♯ : T ∗(M) → TM of
index lifting induced by the metric g. The inverse isomorphism (index lowering)
will be conventionally denoted by ♭ : T (M) → T ∗M . We introduce the following
vector fields: ξi = (ω
i)♯ ∈ T (M).
Lemma 1. The vectors ξi form a (local) basis for N .
Proof. Since g is non-degenerate, the vectors ξi are linearly independent and span
a subspace of TM of dimension d. For any vector η ∈ TM ,
< ξi, η >g = gµνξ
µ
i η
ν = gµνg
µλωiλη
ν = ωiνη
ν = ωi(η).
So the vector η is g-orthogonal to all ξi if and only if η is annihilated by each
ωi. That is, η ∈ Ann(C(M)) = {λ ∈ T (M) |ωj(λ) = 0, ∀ j ≤ d}. Since
Ann(C(M)) = T (S), we see that the linear span of {ξi}⊥ is T (S). 
Definition 1. The curvature (Frobenius Tensor) of the “transversal connection”
N is defined as the bilinear mapping
RN : T (M)× T (M)→ T (S)
defined by
RN (γ, η) = v([hγ, hη]), (1)
where h : T (M)→ N is g-orthogonal projection onto N , and v : T (M)→ T (S) is
g-orthogonal projection onto T (S).
It is known (see DeLeon, Rodrigues 1989, Sec.1.15) that N is integrable if and
only if the curvature RN defined above is identically zero on TM × TM .
Remark 1. An equivalent way to characterize the integrability of N is to use the
structure tensor of J. Martinet or the D. Bernard structure tensor of the annihilator
N ∗ ⊂ T ∗(M) of the distribution N (see Libermann 1976).
3. Integrability criteria.
The condition (1) is equivalent to v([γ, η]) = 0, for all γ, η ∈ N . If we write the
vectors γ, η in terms of the basis {ξi}, then we have
v([γiξi, η
jξj ]) = v
(
γi(ξi · η
j)ξj − η
j(ξj · γ
i)ξi + γ
iηj [ξi, ξj ]
)
= γiηjv([ξi, ξj ]), since v(ξk) = 0 ∀ k.
Thus R = 0 if and only if v([ξi, ξj ]) = 0 for all i, j ≤ d.
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Consider the linear operator A : T (M)→ T (M) defined by the (1,1)-tensor field
Aτµ = P
τσgσµ. Since g is non-degenerate we have ImA = T (S). Since each basis
vector ξi ∈ N is of the form ξ
µ
i = g
µνωiν with ω
i ∈ kerP , we also have
Aτµξ
µ
i = P
τσgσµg
µνωiν = P
τνωiν = 0.
Therefore N ⊂ kerA, and by comparing dimensions we see that N = kerA. Notice
that operator A and the orthonormal projector v have the same image and kernel.
We conclude that
R = 0 ⇔ A[ξi, ξj ] = 0, ∀ i, j ≤ d.
We now prove the main result of this section.
Theorem 1. Let ωi, 0 ≤ i ≤ d be a local basis for C(M) and let (ωi)♯ = ξi be
the corresponding local basis of N . Let ∇ be the Levi-Civita covariant derivative on
TM corresponding to the metric g. Then the following statements are equivalent:
(1) The distribution N is integrable.
(2) For all i, j ≤ d, and all τ ≤ n,
P τσ(∇ξiω
j
σ −∇ξjω
i
σ) = 0. (2)
(3) For all i, j ≤ d, and all τ ≤ n,
gλα(∇λP )
τσ(ωi ∧ ωj)σα = 0, (3)
where ∇λ = ∇∂/∂xλ .
(4) For all i, j ≤ d, and all τ ≤ n,
P τσgσλ(∇ξiξ
λ
j −∇ξj ξ
λ
i ) = 0. (4)
(5) The sub-bundle C(M) is invariant under the following skew-symmetric
bracket on 1-forms generated by the bracket of vector fields:
[α, β]g = [α
♯, β♯]♭ (5)
i.e. if α, β ∈ Γ(C(M)), then [α, β]g ∈ Γ(C(M)).
Proof. Since the Levi-Civita connection of g is torsion-free, we know that
[ξi, ξj ] = ∇ξiξj −∇ξj ξi.
Therefore, in a local chart (xα),
Aτλ[ξi, ξj ]
λ = Aτλ(∇ξiξ
λ
j −∇ξj ξ
λ
i )
= P τσgσλ(∇ξiξj −∇ξj ξi)
= P τσ(∇ξiω
j
σ −∇ξjω
i
σ).
In the last step we have used the fact that lifting and lowering of indices by the
metric g commutes with the covariant derivative ∇ defined by the Levi-Civita
connection of g.
Recalling from the discussion before the Theorem that the integrability of the
distribution N is equivalent to the nullity of A[ξi, ξj ] for all i, j ≦ d, we see that
statements (1), (2), and (4) are equivalent.
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To prove the equivalence of these statements to (3) we notice that
P τσ(∇ξiω
j
σ −∇ξjω
i
σ) = P
τσ(ξλi ∇λω
j
σ − ξ
λ
j∇λω
i
σ)
= P τσgλα(ωiα∇λω
j
σ − ω
j
α∇λω
i
σ)
= gλα(∇λP )
τσ(ωiσω
j
α − ω
i
αω
j
σ)
= gλα(∇λP )
τσ(ωi ∧ ωj)σα.
Here, at the third step we have used the following equality
P τσgλαωiα∇λω
j
σ = −g
λα(∇λP )
τσωiσω
j
α,
since P τσωjσ = 0 (similarly for the second term).
To prove the equivalence the (5) with the other statements we act as follows.
Let α = αiω
i and β = βjω
j be any two sections of sub-bundle C(M) ⊂ T ∗(M).
Then α♯ =
∑
i αiξi and β
♯ =
∑
i βjξj . So we have
[α, β]g = ∇βjξj (αiω
i)−∇αiξi(βjω
j)
= βj
[
αi∇ξjω
i +
∂αi
∂xk
ξkj ω
i
]
− αi
[
βj∇ξiω
j +
∂βj
∂xk
ξki ω
j
]
= αiβj(∇ξjω
i −∇ξiω
j) + β♯(αi)ω
i − α♯(βj)ω
j
= αiβj(∇ξjω
i −∇ξiω
j) + (
∑
j
βjξ
k
j )
∂αi
∂xk
ωi − (
∑
i
αiξ
k
i )
∂βj
∂xk
ωj
= αiβj [ω
i, ωj ]g + (β
♯(αi)− α
♯(βi))ω
i. (6)
At the last step we have used the following (recall that ωi = (ξi)
♭)
∇ξjω
i −∇ξiω
j = (∇ξj ξi −∇ξiξj)
♭ = [ξi, ξj ]
♭ = [ωi ♯, ωj ♯]♭ = [ωi, ωj]g.
The second term in (6) is always in the kernel C(M) of P , thus applying P to both
sides yields
P τσ([α, β]g)σ = αiβjP
τσ([ωi, ωj ]g)σ = αiβjP
τσgσλ(∇ξiξ
λ
j −∇ξj ξ
λ
i ).
Therefore, condition (4) above holds if and only if the space of sections of the bundle
C(M) of Casimir covectors is invariant under the bracket [−,−]g. 
Corollary 1. If (∇(ωi)♯P )
τσωjσ = 0 for all σ, i and j, i.e. if ∇(ωi)♯P |C(M) = 0
for all i, then the distribution N is integrable.
Proof. In the proof of the equivalence of statements (1) and (2) with statement (3)
in the Theorem, it was shown that
P τσ(∇ξiω
j
σ −∇ξjω
i
σ) = g
λα(∇λP )
τσ(ωiαω
j
σ − ω
j
αω
i
σ)
= gλαωiα(∇λP )
τσωjσ − g
λαωjα(∇λP )
τσωiσ
= ξλi (∇λP )
τσωjσ − ξ
λ
j (∇λP )
τσωiσ
= (∇ξiP )
τσωjσ − (∇ξjP )
τσωiσ.
Since ξi = (ω
i)♯ for each i, if ∇(ωi)♯P |C(M) = 0, then condition (3) of the Theorem
is fulfilled. 
The following criteria specify the part of the A. Lichnerowicz condition that P is
g-parallel (see Vaisman 1994) ensuring the integrability of the distribution N :
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Corollary 2. If ∇α♯ : T (M) → T (M) preserves the tangent sub-bundle T (S) to
the symplectic leaves for every α ∈ C(M), then N is integrable.
Proof. If the parallel translation∇α♯ along the trajectories of the vector field ξ = α
♯
preserves T (S), then it also preserves its g-orthogonal complement N , and hence
the dual to parallel translation in the cotangent bundle will preserve sub-bundle
C(M) = N ♭ (see Lemma 1). That is,
P τσ∇α♯βσ = 0
for any β in C(M). Writing this equality in the form (∇α♯P )
τσ βσ = 0 and using
the previous Corollary we get the result. 
Remark 2. Lichnerowicz’s condition, i.e. the requirement that ∇P = 0, guaran-
tees much more than the integrability of the distribution N and, therefore, the local
splitting of M into a product of a symplectic leaf S and complemental manifold
N with zero Poisson tensor. It also guarantees regularity of the Poisson structure,
and reduction of the metric g to the block diagonal form g = gS + gN , with the
corresponding metrics on the symplectic leaves and maximal integral manifolds Nm
of N being independent on the complemental variables (i.e. the metric gS on the
symplectic leaves is independent from the coordinates y along Nm). Furthermore,
the condition ∇P = 0 also ensures the independence of the symplectic form ωS
from the transversal coordinates y (see Vaisman 1994, Remark 3.11). Finally from
∇gSωS = 0 follows the existence of a gS-parallel Kahler metric on the symplectic
leaves.
Corollary 3. Let ∇λωi = 0 for all λ, i (i.e. the 1-forms ωi = dci are ∇g-
covariantly constant). Then
i) The distribution N is integrable,
ii) the vector fields ξi are Killing vector fields of the metric g, and
iii) the Casimir functions ci are harmonic: ∆gc
i = 0.
Proof. The first statement is a special case of (3) in the Theorem above. To prove
the second, we calculate the Lie derivative of g in terms of the covariant derivative
∇ωi,
(Lξig)σλ = gγλ∇σξ
γ
i + gσγ∇λξ
γ
i
= ∇σω
i
λ +∇λω
i
σ
=
∂ωiλ
∂xσ
+
∂ωiσ
∂xλ
− ωiγ(Γ
γ
σλ + Γ
γ
σλ)
=
∂2ci
∂xσxλ
+
∂ci
∂xλxσ
− 2ωiγΓ
γ
σλ
= 2
∂2ci
∂xσxλ
− 2ωiγΓ
γ
σλ
= 2∇λω
i
σ.
Thus, if the condition of the Corollary is fulfilled, ξi are Killing vector fields. The
third statement follows from
∆gc
i = divg(ξi = (dc
i)♯) =
1
2
Trg(Lξig) =
1
2
gλµ(Lξig)λµ.

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3.1. Nijenhuis Tensor. Conventionally the integrability of different geometrical
structures presented by a (1, 1)-tensor field can be characterized in terms of the
corresponding Nijenhuis tensor. Thus, it is interesting to see the relation of our
criteria presented above to the nullity of the corresponding Nijenhuis tensor.
Definition 2. Given any (1, 1) tensor field J on M , there exists a tensor field NJ
of type (1, 2) (called the Nijenhuis torsion of J) defined as follows (see DeLeon and
Rodrigues 1989, Sec.1.10):
NJ(ξ, η) = [Jξ, Jη]− J [Jξ, η]− J [ξ, Jη] + J
2[ξ, η]
for all vector fields ξ, η.
If J is an almost product structure, i.e. J2 = Id, then NJ = 0 is equivalent to
the integrability of J . In fact, given such a structure onM , we can define projectors
v = (1/2)(Id+ J) and h = (1/2)(Id− J) onto complementary distributions Im(v)
and Im(h) in TM such that at each point x ∈M ,
TxM = Im(v)x ⊕ Im(h)x.
It is known (see DeLeon and Rodrigues 1989, Sec.3.1) that J is integrable if and
only if Im(v) and Im(h) are integrable, and that the following equivalences hold:
NJ = 0↔ Nh = 0↔ Nv = 0.
Consider now the two complementary distributions T (S) and N discussed above.
Suppose that v is g-orthogonal projection onto the distribution T (S), and h is g-
orthogonal projection onto N . Applying these results in this setting we see that
that the distribution N is integrable if and only if Nv = 0.
Since v2 = v, and since any ξ ∈ T (M) can be expressed as ξ = vξ + hξ, we have
Nv(ξ, η) = [vξ, vη]− v[vξ, vη + hη]− v[vξ + hγ, vη] + v[vγ + hγ, vη + hη]
= (Id− v)[vξ, vη] + v[hγ, hη]
= h[vξ, vη] + v[hξ, hη]
for all ξ and η in T (M). Since T (S) is integrable we have [vξ, vη] ∈ T (S), and so
Nv(ξ, η) = v[hξ, hη].
As a result, we can restrict ξ and η to be sections of the distribution N to get the
following integrability condition for N in terms of (1,1)-tensor v:
N is integrable ↔ Nv(ξ, η)
µ = vµν [ξ, η]
ν ∗= −∂jv
µ
ν (ξ ∧ η)
jν = 0,
for all µ and all ξ, η ∈ Γ(N ). The equality (∗) on the right is proved in the same
way as the similar result for the action of P τσ in the proof of statement (3) of
Theorem 1.
The tensor Aµν = gνσP
σµ discussed above can be considered to be a linear
mapping from T (M) to T (S), but since A is not idempotent, it does not define a
projection. However, the tensors A and v, having the same kernel and image are
related in the sense that the integrability of N is also equivalent to
Aµν [ξ, η]
ν = −∂σA
µ
ν (ξ ∧ η)
σν = 0,
for all sections ξ and η of the distribution N (using the same argument as for the
tensor vµσ above).
In fact, since the linear mappings A, v of Tm(M) have the same kernel and image
for all m ∈M , there exists a (non-unique) pure gauge automorphism D : T (M)→
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T (M) of the tangent bundle (i.e. inducing the identity mapping of the baseM and,
therefore, defined by a smooth (1,1)-tensor field Dµν ) such that A
µ
σ = D
µ
ν v
ν
σ. For
any couple ξ and η of sections from Γ(N ), we have
Aµσ[ξ, η]
σ = −∂νA
µ
σ(ξ ∧ η)
νσ
= −∂νD
µ
κ(v
κ
σ(ξ ∧ η)
νσ +Dµκ∂νv
κ
σ(ξ ∧ η)
νσ
= −Dµκ∂νv
κ
σ(ξ ∧ η)
νσ
= DµκNv(ξ, η).
This proves
Theorem 2. There exists a (not unique) invertible linear automorphism D of the
bundle T (M) such that for all couples of vector fields ξ, η ∈ Γ(N )
A[ξ, η] = D(Nv(ξ, η)).
Thus, Nv|N×N ≡ 0 iff A[ξ, η] = 0 for all ξ, η ∈ Γ(N ).
4. Local criteria for integrability
SinceM is regular, any point inM has a neighborhood in which the Poisson ten-
sor P has, in Darboux-Weinstein (DW) coordinates (yA, xi), the following canonical
form (see Weinstein 1983)
P =

 0p×p 0p×2k
02k×p
(
0k −Ik
Ik 0k
)
We will use Greek indices λ, µ, τ for general local coordinates, small Latin i, j, k
for the canonical coordinates along symplectic leaves and capital Latin indices
A,B,C for transversal coordinates. In these DW-coordinates we have, since P
is constant,
(∇λP )
τσ = P jσΓτjλ − P
jτΓσjλ.
Using the structure of the Poisson tensor we get, in matrix form,
(∇λP )
τσ =
(
0p×p P
jsΓTjλ
−P itΓsjλ P
jsΓtjλ − P
jtΓsjλ
)
,
where the index τ takes values (T, t), and the index σ takes values (S, s), transver-
sally and along the symplectic leaf respectively.
In DW-coordinates we choose ωτ = dyτ as a basis for the co-distribution C(M).
Now we calculate (using the symmetry of the Levi-Civita connection Γ)
(∇λP )
τσ(dyI ∧ dyJ)ασ = −δ
I
αP
jτΓJjλ + δ
J
αP
jτΓIjλ,
so that
gλα(∇λP )
τσ(dyI ∧ dyJ)ασ = P
jτ [gJλΓJjλ − g
IλΓIjλ].
This expression is zero if τ = T , so the summation goes by τ = t only.
Substituting the Poisson Tensor in its canonical form we get the integrability
criteria (3) of Theorem 1 in the form
gJλΓIλt − g
IλΓJλt = 0, ∀ I, J, t.
Using the metric g to lower indices, we finish the proof of the following
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Theorem 3. Let (yI , xi) be local DW-coordinates in M . Use capital Latin indices
for transversal coordinates y along N and small Latin indices for coordinates x
along symplectic leaves. Then the distribution N is integrable if and only if
ΓJIt = ΓIJt, ∀ I, J, t. (7)
5. Examples: Non-integrability
5.1. A Model 4d system. We now consider a (local) model example of the lowest
possible dimension where the distribution Ng may not be integrable. This is the
case of a 4-d Poisson manifold (M = R4, P ) where rank(P ) = 2 at all points of the
manifold M .
Let P ij be the canonical Poisson tensor given in the global coordinates xα by
the following 4× 4 matrix:
P =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0


Let ω1 = dx1, and ω2 = dx2. Then {ω1, ω2} is a basis for the kernel C(M) of P ,
and
(ω1 ∧ ω2)ασ =


1, α = 1, σ = 2
−1, α = 2, σ = 1
0, otherwise.
(8)
If h is the Euclidian metric in R4, then it is obvious that the h-orthogonal
distribution Nh is generated by the basic vector fields
∂
∂x1 ,
∂
∂x2 and is trivially
integrable.
Let now g be an arbitrary pseudo-Riemannian metric defined on M = R4 by a
non-degenerate symmetric (0,2)-tensor gλµ. The corresponding g-orthogonal dis-
tribution is denoted by N and the Levi-Civita connection of the metric g by ∇.
Consider∇λP τσ = ∂λP τσ+P τµΓσλµ+P
σµΓτλµ. Since P is constant, the first term
of this expression is always zero. Furthermore, since each ωk is in the kernel of P ,
we see that the third term in this expression will contract to zero with (ω1∧ω2)ασ.
Therefore,
gλα∇λP
τσ(ω1 ∧ ω2)ασ = g
λαP τµΓσλµ(ω
1 ∧ ω2)ασ .
= gλ1P τµΓ2λµ − g
λ2P τµΓ1λµ, by (8).
The only values of τ for which P τµ 6= 0 are τ = 3 and τ = 4. We consider each
case individually:
τ = 3:
gλα∇λP
τσ(ω1 ∧ ω2)ασ = g
λ1P 34Γ2λ4 − g
λ2P 34Γ1λ4,
= gλ1Γ2λ4 − g
λ2Γ1λ4,
=
1
2
(gλ1g2δ − gλ2g1δ)(gλδ,4 + g4δ,λ − gλ4,δ),
= gλ1g2δ(g4δ,λ − g4λ,δ).
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τ = 4:
gλα∇λP
τσ(ω1 ∧ ω2)ασ = g
λ1P 43Γ2λ3 − g
λ2P 43Γ1λ3,
= −gλ1Γ2λ3 + g
λ2Γ1λ3,
=
1
2
(−gλ1g2δ + gλ2g1δ)(gλδ,3 + g3δ,λ − gλ3,δ),
= gλ1g2δ(g3λ,δ − g3δ,λ).
Thus, the integrability condition takes the form of the following system of equations
gλ1g2δ(g3λ,δ − g3δ,λ) = 0,
gλ1g2δ(g4δ,λ − g4λ,δ) = 0
equivalent to the symmetry conditions (7).
Clearly both expressions are zero if g is diagonal. In fact, if g is block-diagonal,
then both of the above terms will also vanish. For these special types of metric,
the transversal distribution N is integrable. For more general metrics, however, N
may not be integrable. For example, let
g =


1 0 f 0
0 1 0 0
f 0 1 0
0 0 0 1

 ,
where f(x) satisfies to the condition ∂2f 6= 0. This symmetrical matrix has 1, 1, 1+
f, 1− f as its eigenvalues. Thus g determines the Riemannian metric in the region
|f | < 1, and the condition
gλα∇λP
τσ(ω1 ∧ ω2)ασ = 0
fails since, for τ = 4 we have:
gλα∇λP
4σ(ω1 ∧ ω2)ασ = g
λ1g2δ(g3λ,δ − g3δ,λ),
= gλ1(g3λ,2 − g32,λ),
= gλ1g3λ,2,
= g11g31,2,
= ∂2f 6= 0.
As an example of such a function f for which both conditions (i.e. conditions
|f | < 1 and ∂2f 6= 0) are fulfilled in the whole space R4 we can take the func-
tion f(x1, . . . , x4) = 1π tan
−1(x2) where the principal branch of tan−1(x) is chosen
(taking values between −π/2 and π/2).
We can also see that the distribution N is not integrable by a direct computation.
Observe that the local basis vectors for N are:
ξ1 = ∂1 + f∂3, ξ2 = ∂2.
Their Lie bracket is [ξ1, ξ2] = ∂2f∂3, which is not in the span of {ξ1, ξ2} (since
∂2f 6= 0), hence N is not integrable.
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5.2. Case of a symplectic fibration. Here we discuss a situation that demon-
strates that the very possibility to choose a global metric g such that the distri-
bution Ng is integrable is determined mostly by the topological properties of the
“bundle” of leaves of the symplectic foliation, i.e. the existence of a zero curvature
Ehresmann connection.
A topologically simple (with regard to the transversal structure) example of a
regular Poisson manifold is a symplectic fibration: a fiber bundle (M,π,B) such
that every fiber Sb = π
−1(b) is endowed with a symplectic structure ωS = ωb.
Each fiber is symplectomorphic to the model symplectic manifold (F, ω), and the
transition functions of a trivialization of this bundle are symplectic isomorphisms on
the fibers (see Guillemin et al 1996, Ch.1). The inverse Pb = ω
−1
b of the symplectic
form on each symplectic fiber defines, via the embedding
∧
T (Sb) →
∧
T (M), a
smooth (2,0)-tensor field P , i.e. a regular Poisson structure on M .
The distribution Ng, which is g-orthogonal to the fibers Sb with respect to some
(pseudo-)Riemannian metric on M (with the condition that the restriction of g to
the fiber Sb is non-degenerate), defines an Ehresmann connection Γg on the bundle
(M,π,B). Integrability of the distribution Ng (i.e. integrability of the connection
Γg) means that the curvature (Frobenius tensor) of the connection Γg is zero.
On the bundle (M,π,B) of a symplectic fibration there is a special class of sym-
plectic connections Γ distinguished by the condition that the holonomy mappings
are symplectic diffeomorphisms of the fibers. It is proved in Guillemin et al 1996,
Ch. I that if F is compact, connected and simply connected, then for such a connec-
tion there exists a closed 2-form ωΓ onM whose restrictions to any fiber Sb coincide
with ωb, and such that the orthogonal complement ωΓ of the tangent space Tm(S)
to the fiber passing through a point m ∈ M is exactly the horizontal subspace
HorΓ(m) of the connection Γ at the point m. The curvature of the connection
Γ, which measures the degree of “non-integrability” of the distribution HorΓ, is
determined by the form ωΓ through the curvature identity proved in Guillemin et
al 1996, Ch. I. Namely, let v1, v2 be two arbitrary vector fields on B and denote
by v♯1, v
♯
2 their horizontal lifts to vector fields in M . Then the curvature of Γ is the
vertical (i.e. restricted to the fiber) part of the 1-form i[v♯
1
,v♯
2
]ωΓ, and one has the
equality
−div♯
1
iv♯
2
ωΓ = i[v♯
1
,v♯
2
]ωΓ mod B
where mod B means “restricted to the fiber”. This restriction is zero if and only if
the function H = iv♯
1
iv♯
2
ωΓ is constant along the fibers Sb. Then H = π
∗h for
some h ∈ C∞(B) is a Casimir function for the Poisson structure on M constructed
as described above.
Having a connection Γ (symplectic or not) available on the bundle (M,π,B), one
can define a whole class of (pseudo-)Riemannian metrics for which the orthogonal
complement of T (S) will coincide with HorΓ. Namely, we take a metric gS,b on
Tm(S) smoothly depending on the point b. Then we take an arbitrary metric gB on
the base B and lift it to the horizontal subspaces of Γ. The metric g on the total
space of the bundle M is now defined by the condition of orthogonality of T (S) and
HorΓ. The projection π : M → B becomes a (pseudo-)Riemannian submersion
(see Cheeger and Ebin 1975). There is a relation between the curvatures of gB, g
and the curvature of the connection Γ (O’Neill formula, see Cheeger and Ebin 1975,
3.20). Let m ∈M, b = π(m), X,Y ∈ Tb(B) be two arbitrary tangent vectors at b,
and let X¯, Y¯ ∈ HorΓ(m) ⊂ Tm(M) be their horizontal lifts at the point m. Then
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for the sectional curvatures K of the metric gB and K¯ of g one has
Kb(X,Y ) = K¯m(X¯, Y¯ ) +
3
4
‖[X¯, Y¯ ]vert(m)‖2gS m ,
where vert means taking the vertical component of the bracket of horizontal lifts
to a neighborhood of m of arbitrary vector fields in B having values X,Y at the
point b. Thus, the curvature of the connection Γ measures the difference between
the sectional curvatures of the metric gB and its horizontal lift to the distribution
HorΓ.
It is easy to construct examples of bundles which do not allow integrable Ehres-
mann connections using the following arguments. Suppose that a bundle (M,π,B)
with a simply-connected base B allows an integrable Ehresmann connection Γ. The
holonomy group of the connection Γ is discrete (by the Ambrose-Singer Theorem,
since the curvature is zero) and, therefore, any maximal integral submanifold (say,
V ) of Γ is a covering of B. Since B is simply-connected, the projection π : V → B
is a diffeomorphism. Pick a point b ∈ B. Then every maximal integral manifold
intersects the fiber Fb at one point, defining in this way a smooth diffeomorphism
q : M → Fb ≃ F smoothly depending on b. Together with the projection π this
mapping defines a trivialization (π, q) :M → B × F of the bundle (M,π,B).
This proves the following
Proposition 1. Let (M,π,B; (F, ω)) be a symplectic fibration with the model sym-
plectic fiber (F, ω), base B and the total Poisson space M . If the bundle (M,π,B) is
topologically non-trivial, then the Poisson manifold (M,P = ω−1b cannot be endowed
with a (global) pseudo-Riemannian metric g such that the orthogonal distribution
Ng would be integrable.
Thus, if we take an arbitrary nontrivial bundle over a simply-connected mani-
fold B, it can not have a nonlinear connection of zero curvature. An example is
the tangent bundle (T (CP (2)), π,CP (2)) over B = CP (2), where the standard
symplectic structure on B = CP (2) determines a (constant) symplectic structure
along the fibers.
6. Examples of Integrability: Linear Poisson structure
Let g be a real n-dimensional Lie algebra with a basis {eµ} and Lie bracket
[eµ, eν ] = c
σ
µνeσ. Let G be a connected Lie group with Lie algebra g. The Killing
form K on g is the invariant, symmetric, bilinear form defined by
K(x, y) = Tr(ad(x) ◦ ad(y)), Kµν = Tr(adeµ · adeν ),
where adv(X) = [v,X ], X ∈ g (see Bourbaki 1968, Ch.3). Let {fν} be the dual
basis on the dual space g∗, and let λν be coordinates for g
∗ relative to this basis:
λ = λνf
ν , λν =< λ, eν >. The dual space g
∗ with its linear Lie-Poisson structure
Pµν(λ) = {λµ, λν} = c
σ
µνλσ , (9)
is a model example of a Poisson manifold. The adjoint action Ad(g) of the corre-
sponding Lie group G on g defines the linear co-adjoint action Ad∗(g) of G on g∗.
The symplectic leaves of the Lie-Poisson structure (9) are co-adjoint orbits of G
(see Kirillov, 2004).
Casimir functions are exactly the Ad∗(G)-invariant functions on g∗. In many
cases (for instance for real semi-simple Lie groups) one can choose k = rank(G)
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polynomial Casimir functions ci that are functionally independent on M = g
∗
reg,
and any Casimir function is a function of the polynomials ci (see Kirillov, 2004).
The tangent space to g∗ at each point can be identified with the (vector) space g∗
itself and, correspondingly, the tangent bundle T (g∗) splits Ad∗(G)-equivariantly:
T (g∗) ≃ g∗ × g∗. The cotangent bundle T ∗(g∗) takes the form T ∗(g∗) ≃ g∗ × g.
The action of G induced by Ad∗(G) on T (g∗) ≃ g∗ × g∗ is Ad∗(g) × Ad∗(g),
while the dual action on the cotangent bundle T ∗(g∗) ≃ g∗ × g takes the form
Ad∗(g) × Ad(g). In particular, the action on the second factor coincides with the
adjoint action of G on g. Below we will be using these identifications without
further comments.
If g is a real semi-simple Lie algebra, the Killing form K is non-degenerate and
can be used to identify g with g∗. Under this identification, the adjoint action of
G corresponds to the co-adjoint and, correspondingly, adjoint orbits correspond to
co-adjoint ones. Thus, one can translate the linear Poisson structure to the Lie
algebra g and use the available information about the (singular) foliation of g by
the adjoint orbits (see Warner 1972, Sec.1.3) to study the K-orthogonal distribution
NK defined by the (pseudo-Riemannian) Killing metric K.
6.1. Compact semi-simple Lie algebra. Consider the case when g is a compact
real semi-simple Lie algebra, i.e. the Lie algebra of a compact semi-simple Lie
group. Then the Killing form K is negative definite, and, therefore, −K is an
invariant Riemannian metric on g (see Knapp, 1996, Ch.4).
The canonical isomorphism T ∗x (g
∗) ≃ g defined above allows us to consider the
Killing form −Kµν on g as a covariant metric gµν on g∗. Basic vectors eµ ∈ g
are identified with the covectors dλµ in g
∗. To be consistent with the upper/lower
indices duality we will denote these basic covectors in g∗ by eµ.
Recall that we have the following condition (see (3) in Theorem 1) for the g-
orthogonal space N to be integrable.
N is integrable ⇔ gγα∇γP
τσ(ωαησ − ωσηα) = 0, ∀τ,
where ω and η are any two elements in the kernel of P . Using this condition we
can prove the following
Theorem 4. Let g be a compact semi-simple Lie algebra and let M = g∗reg with
the standard linear Lie-Poisson structure. Let g be the inverse to the metric on g
given by the restriction of the negative Killing form on g. Then the distribution N
is integrable if and only if C(M) is an abelian subalgebra of T ∗(M) endowed with
the (pointwise on g∗) bracket induced from the Lie algebra g via the identification
T ∗(g∗) ≃ g∗ × g.
Proof. Let ω = ωαe
α and η = ηβe
β be two (local) sections of C(M). Then we have
gγα∇γP
τσ(ωαησ − ωσηα) = g
γα∇γP
τσ(ωαησ − ωσηα),
= gγαcγτσ(ωαησ − ωσηα).
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Here the expression (9) for the Poisson tensor was used as well as the flatness of
the metric −K on M = g∗reg. Observe that
gγαcγτσ = g
γα[eτ , eσ]γ ,
= − < eα, [eσ, eτ ] >g,
= − < [eα, eσ], eτ >g,
= −gγτcγασ.
Hence,
gγα∇γP
τσ(ωαησ − ωσηα) = −g
γτcγασ(ωαησ − ωσηα),
= −gγτ(cγασ − c
γ
σα)ωαησ,
= −2gγτcγασωαησ,
= −2gτγ[ω, η]γ .

Using the Killing form to identify g and g∗, we can considerM asM = (greg, P ).
Thus, we have the following
Corollary 4. The distribution N on the manifold g∗reg for a compact semi-simple
Lie algebra g is integrable. Furthermore, via the identification of g∗ with g as
above, each connected component (Weyl Chamber) of the Lie algebra t of a maximal
torus T ⊂ G is a maximal integral surface of the distribution N at each point x.
Proof. Let t be one of the maximal commutative subalgebras of g (the Lie algebra
of a maximal torus T ⊂ G).
Recall that the root decomposition delivers the K-orthogonal decomposition of
g:
g = t⊕
∑
α∈Σ
gα,
where Σ is the root system of the couple (gc, tc) and g
α = g ∩ gαc .
Any connected component (Weyl Chamber) of t is a maximal integral surface of
the distribution N at each regular point x since t is K-orthogonal to the tangent
space of each adjoint orbit (symplectic leaf) in M = g∗reg (see Knapp, 1996, Ch.4)
Tx(Ad(G)X) =
{
x+
∑
α∈Σ
gα
}
.
Through each point x ∈ g there passes at least one such subspace t, and a point x
is regular if and only if this t, containing x is unique. This proves the statement. 
6.2. Non-compact semi-simple Lie algebras. Let G be a connected real semi-
simple Lie Group with Lie Algebra g. As in the compact case, symplectic orbits
of g with this structure are exactly adjoint orbits of G, but in contrast to the
compact case, an adjoint orbit of X ∈ g is closed iff X is semi-simple, i.e ad(X) is
semi-simple (see Warner 1972, Prop.1.3.5.5). The subset g′ of regular elements,
i.e. semi-simple elements X with centralizer Xg of minimal dimension (see Warner
1972, Sec.1.3.4) endowed with the induced Poisson structure is an open and dense
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subset of g. Its structure is as follows. Let j be a Cartan subalgebra of g. Let
j′ = j ∩ g′. Put
g(j) =
⋃
x∈G
Ad(x)j′,
where G = Int(g) is the adjoint group of g. Then (see Warner, Prop. 1.3.4.1),
g′ =
⋃
l
g(jl),
where jl for 1 ≤ l ≤ q are representatives of (a finite number of) conjugacy classes
of Cartan subalgebras of g.
Now, pick 1 ≤ l ≤ q and let g = k ⊕ µ be the Cartan decomposition of g such
that
jl = jl k ⊕ jl µ = jl ∩ k⊕ jl ∩ µ
is the direct sum decomposition of the Cartan subalgebra jl into compact and
noncompact parts. It is known that the Killing form K is positive definite on µ
and negative definite on k. Using the Cartan decomposition of jl above, we see
that the restriction of the Killing form to the subspace X + jl ⊂ TX(g), and all
its conjugates, has constant signature and is non-degenerate at all points X ∈⋃
x∈GAd(x)j
′. Therefore, the same is true for its K-orthogonal complement. The
restricted root decomposition
g = jl ⊕
∑
α∈Σ
gα,
where Σ is the system of (restricted) roots of the pair (g, jl µ) can be used to show
that X + jl is the K-orthogonal complement to TX(Ad(G)X) in TX(g).
We call an element λ ∈ g∗ ∗-regular if the corresponding element Xλ + i
−1
K λ of
g is regular. Then, arguments similar to those in the previous subsection can be
used to prove the following
Proposition 2. Let g be a real semi-simple Lie algebra. Consider the dual space
(g∗, P ) with its linear Poisson structure. Endow g∗ with the (pseudo)-Riemannian
metric K∗ induced by the Killing form on g. Let M = g∗reg be the (open and dense)
submanifold of g∗ of co-adjoint orbits (symplectic leaves) of ∗-regular elements.
Then the restriction of K∗ to each orbit in M has constant signature and is non-
degenerate. The K∗-orthogonal distribution N to the symplectic leaves is integrable.
Maximal integral submanifolds of N are images under the identification iK : g ≡ g∗
of (the regular parts of) Cartan subalgebras of g.
Remark 3. We had to add the condition of semi-simplicity of an element because of
the presence in g of a principal nilpotent orbit of the same maximal dimension. The
restriction of the Killing form to such orbits is degenerate. For example, consider
the Lie algebra g = sl(2,R). In addition to the closed semi-simple adjoint orbits of
elliptic and hyperbolic elements, there is also the adjoint nilpotent orbit in g of the
same dimension 2.
6.3. Dual to the Euclidian Lie algebra e(3). Let g be the Lie algebra se(3) of
the group of proper Euclidian motions in R3, let g∗ be its dual, and let M = g∗reg
be the (open, connected and dense) subspace of 4d co-adjoint orbits in g∗.
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The Killing form of the Lie algebra se(3) is degenerate, so we identify g∗ with g
via the Euclidean scalar product (see Marsden and Ratiu 1994, Ch.8). Elements of
g can be represented as vectors (x,p) in so(3)⊕R3 with the Lie bracket defined as
[(x,p), (x′,p′)] = (x × x′, x× p′ + p× x′).
We can consider vectors x in s0(3) to be skew-symmetric matrices due to the
isomorphism
x→ xˆ =

 0 −x3 x2x3 0 −x1
−x2 x1 0

 .
The canonical linear Poisson structure on M ⊂ g∗ ≃ g has, in this notation, the
Poisson tensor has the form
P (x,p) =
(
xˆ pˆ
−pˆ 0
)
.
Casimir functions of this structure are c1 = x ·p and c2 = p ·p. The subspace of
regular (4d) co-adjoint orbits is, in this notation, defined by the condition c2(x,p) 6=
0.
For any y we have x × y = −yxˆ = xˆyT. This allows us to express the adjoint
action on se(3) as
ad(y,q)(x,p) = −(xyˆ,pyˆ+ xqˆ) =
(
yˆ 0
qˆ yˆ
)
(x,p)T.
We want to construct a symmetric (2, 0) tensor g that is invariant under the
adjoint action of the Lie algebra that we can possibly use as a Riemannian metric.
Suppose then, that we have a non-degenerate scalar product g0 defined on g by a
constant symmetric matrix:
< (x,p), (x′,p′) >g0= (x,p)
(
A B
BT C
)
(x′,p′)T.
We extend g0 to a covariant metric g on M by setting g(x,p) = g0. We would like
to choose this metric to be invariant under the co-adjoint action. Thus, g should
satisfy the equation (we use the identification of the tangent and cotangent bundles
to g∗ as above)
< ad(y.q)(x,p), (x
′,p′) >g + < (x,p), ad(y,q)(x
′,p′) >g= 0.
Since this must hold for arbitrary vectors (x,p) and (x′,p′) in g, we have the
following condition on g.(
yˆ
T
qˆ
T
0 yˆT
)
· g + g ·
(
yˆ 0
qˆ yˆ
)
= 0.
This condition is equivalent to the following system of equations:
1) Ayˆ− yˆA+Bqˆ− qˆBT = 0
2) Byˆ− yˆB − qˆC = 0
3) BTyˆ− yˆBT + Cqˆ = 0
4) Cyˆ− yˆC = 0.
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Since these equations must be valid for arbitrary yˆ and qˆ, it is easy to see that the
metric g must be of the form
g =
(
αI βI
βI 0
)
. (10)
Thus, the only ad-invariant (constant) metrics onM are those having this special
form. Note that such a metric cannot be Riemannian (see Zefran et al 1996). In
fact, the distinct eigenvalues of such a metric are λi = (α±
√
α2 + 4β2)/2, i = 1, 2
(of multiplicity 3 each). The product of these eigenvalues is λ1λ2 = −β2 ≤ 0. Thus,
if non-degenerate (i.e. β 6= 0), the metric g has signature (3, 3).
Let T(x,p)(S) be the space tangent to the symplectic leaf passing through the
point (x,p) ∈ M . Then we can define its g−1-orthogonal complement N(x,p), and
a g−1-orthogonal distribution N on M . The covectors ω1 = dc1 = (p,x) and
ω2 = dc2 = (0,p) form a basis for the subspace Cm(M) = ker(Pm) ⊂ T ∗m(M) ≡ g,
and the tangent vectors ξ1 = (ω
1)♯ and ξ2 = (ω
2)♯ form, at each point m = (x,p),
a basis for Nm. We have
ξ1 =
(
αp+ βx
βp
)
, ξ2 =
(
βp
0
)
Consider the case α = 0. It is easy to see that, in the basis ξi, the restriction of
the metric g to the subspace Nm of the distribution N at a point m = (x,p) has
the form
g =
(
2c1(x,p) c2(x,p)
c2(x,p) 0
)
.
Since det(g) = −(p ·p)2, this restriction is non-degenerate on the subset of regular
(4d) co-adjoint orbits. On the distribution N the metric g has signature (1,1).
Thus, on the tangent spaces T (S) of symplectic foliation, g has signature (2,2) at
all (regular) points, and results of Sec.3 are applicable here.
However, the methods from that section are not necessary in this case. Since we
have explicit expressions for the vectors ξi, and for the tensors P and g, it is easy to
check the integrability of N directly. The distribution N will be integrable if and
only if the Lie bracket [ξ1, ξ2] of vector fields ξi considered as g-values functions on
M remains in N .
Proposition 3. For any choice of (constant) non-degenerate ad-invariant metric
g on the subspace M = g∗reg of 4d co-adjoint orbits of dual space e(3)
∗ of the 3-d
Euclidian lie algebra e(3) , the distribution N is integrable. For metrics (8) with
α = 0, the maximal integral submanifold passing through a point (x,p) is presented,
in parametrical form as
(s, t)→ es
(
xT
pT
)
+ et
(
pT
0
)
.
Proof. We calculate the Lie bracket of the basis for N .
[ξ1, ξ2] = ξ
T
2 (ξ
T
2 )− ξ
T
1 (ξ
T
2 )
=
(
0 β
0 0
)(
αpT + βxT
βpT
)
−
(
β α
0 β
)(
βpT
0
)
= 0.
The last statement is easily checked by direct calculation. 
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7. Conclusion
In this work we discuss necessary and sufficient conditions for the distribution N
on a regular Poisson manifold (M,P ) defined as orthogonal complement of tangent
to symplectic leaves with respect to some (pseudo-)Riemannian metric g on M to
be integrable. We present these conditions in different forms, including a condition
in terms of a symmetry of Christoffel coefficients of the Levi-Civita connection
of the metric g and get some corollaries, one of which specifies the part of the
Lichnerowicz (∇P = 0) condition ensuring integrability of N (see Vaisman 1994,
3.11). We present examples of non-integrable N (the model 4d case and the case of
a nontrivial symplectic fibration). We prove integrability of N on the regular part
of the dual space g∗ of a real semi-simple Lie algebra g and the same in the case of
the 3d Euclidian Lie algebra e(3) with a linear Poisson structure.
As the case of a symplectic fibration shows, the integrability of N is possible
only on a topologically trivial bundle (trivial transversal topology). Thus, it would
be interesting to study maximal integral submanifolds of N in the case of nontrivial
symplectic bundles. In particular, it would be interesting to get conditions on the
metric g under which these maximal integral submanifolds would have maximal
possible dimension. Probably the methods of Cartan-Kahler theory (see Bryant et.
al., 1991) can be employed to investigate these questions.
The authors would like to express their gratitude to Professor V. Guillemin for
his interest in this work.
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